HOMEWORK: ON THE SCHWARTZ KERNEL THEOREM

THIBAULT LEFEUVRE

Let X,Y C R" be open subsets. Recall that, given ¢ € C5,,,(X) and (¢p)n>0, & sequence

comp
of functions in Cg5,(X), vn — @ if for all n > 0 large enough, all functions ¢,, have support

comp
in a fixed compact subset K C X and [[¢n — ¢llgm) — 0 for all m > 0. Denote by
L(CE . (Y),D'(X)) the space of continuous linear operators acting on compactly supported

comp

functions on Y, that is, A € £(C,,,(Y),D'(X)) if and only if Ap, — Ap in D'(X) for all

comp
¢on = ¢ in Cg5,,, (V). The aim of this homework is to prove the Schwartz kernel Theorem:

Theorem (Schwartz, 1952). The map

P:D(XxY)3 K Ag € L(CZ, (V), D' (X)),

comp

defined by (Ax (), V) == (K, @) for € C5,,,(X) and p € C5,,,(Y), is an isomorphism.

We will not care much about the continuity of ®, so by isomorphism, we simply mean a
bijective linear map.

We recall that Sobolev spaces H*(R™) are defined as the completion of CS5, (R™) with

comp
respect to the norm

1= [ @¥IF@)R .

For ¢ € R, the space (z)!H*(R") consists of all functions f = (z)’f, for some f € H*(R™).
The natural norm on this space is

1wyt s ey == 112) ™ F Nl sy -

(1) Definition of ®. Show that ® is well-defined.
(2) Weighted Sobolev spaces.
(a) Show that the pairing given by

Ceomp(R™) X Comp(R™) 3 0,9 = (p,9) := /n p(x)p(z)dr € C (0.1)

extends continuously to a pairing (z)!H*(R™) x (x) *H~5(R") — C, for all s,/ €
R.

(b) Show that for all s, £ € R, there exists a natural identification of ({x)*H*(R"))’
with (z) "¢ H~(R") using the extension of the pairing (0.1).
In other words, show that there is a natural isometry W : (<JJ)2HS(R”)), —
()" H=5(R") such that for all T € (<x>eHS(Rn))/, T(p) = (¥(T),¢), where
the last pairing is understood as the continuous extension obtained in (a).
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As a first step towards proving the general Schwartz kernel Theorem, we want to prove it
on Schwartz spaces. Recall that ¢, — ¢ in .(R") if all Schwartz semi-norms are convergent.
We say that A : .7 (R") — ./(R") is continuous if Ay, — Ay for all ¢, — ¢ in 7 (R™), that
is, for all ¢ € (R"),

(Apn, P) = (Ap, ).
For M > 0, we denote by || - [|(ar) the norm || - || zy—n g oy
(2) Schwartz kernel Theorem on Schwartz spaces.
(a) Show that A € L(.(R"),.'(R™)) if and only if there exists M > 0 large enough
and C > 0 such that for all p,¢ € .7 (R"):

(A, )| < Cllellanll¥llan-

(b) Deduce that A : (z)"MHM(R") — (z) ™ H=M(R") is bounded.

(c) We now consider a continuous map A : L%(R") — H™(R"™). Show that for m > 0
large enough, and 2 € R", the map L*(R") > ¢ — (Ap)(z) € C can be well-
defined and is continuous.

(d) Deduce that that Ap(z) = (T, ¢) = [pn Te(y)e(y) dy for a certain map T :
R" 5 2 — T, € L*(R}) such that T € Cpyq(R2, L*(R})). (The last space
denotes continuous functions with values in L? such that the C° norm is uniformly
bounded on R™.)

(e) Prove that /' (R}) ® 7 (RY) is dense in (R} x RY).

(f) Eventually, deduce a version of the Schwartz kernel Theorem for Schwartz spaces:
the map ./(R" x R") 5 K — Ak € L(Z(R"),.’(R™)) is an isomorphism.

(3) Schwartz kernel Theorem.

(a) Show that C55,,(X) ® Coomp

(b) Prove the Schwartz kernel Theorem.

(4) Wavefront set computations.

(a) What is the Schwartz kernel Kiq € D'(X x X) of the identity map id : C*°(X) —
C>*(X)?

(b) Compute WF (Kjq).

(c) Let P:=3" <p @a(x)Dg. Express Kp in terms of Kig. Deduce WF(Kp).

(Y) is dense in C35, (X x Y).

comp
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